IMSC 2048 Midterm

March 16, 2026

Excercise 1. Below is a partial character table for a group G of order 12, with
4 conjugacy classes. The numbers in the top row are the sizes of the conjugacy
classes.

1 6 @ @
e a b c
vi| 1 1 1 1
X2 1 1 w o w?
X3 | 1
X4

where w = e2™V—1/3,

(a) Complete the character table by determining the missing entries. Please
write down the orthogonality relations or formulas you use to determine
the missing entries.

(b) Determine all normal subgroups of G from the character table.

Solution. (a) Let the dimensions of the irreducible representations be dy, da, ds, dy.
Since x; and o are characters of 1-dimensional representations, d; = do = 1.
The sum of squares of the dimensions is equal to the order of the group |G| = 12,
S0:

>+ 124+dj+di =12 = dj+d; = 10.

Since d3, dy are positive integers, the only solution is d3 = 1 and d4 = 3 (or vice
versa; we set d3 = 1 and dq = 3). Thus x3(e) =1 and y4(e) = 3.

For xs, since it is a 1-dimensional character, its values are roots of unity.
The character x2 is also 1-dimensional, and we can define x3 by noting that the
square of yp or complex conjugate must also be an irreducible character. Since
(x2)2(b) = x2(b) = w = w? and x2(c) = w? = w, we have Xz = (1,1,w? w),
which is orthogonal to y; and x2. Thus, we can set y3 = (1,1, w?, w).

To find x4, we use the column orthogonality relation: . x;(g)x:(h) = 0 for
g # h. Taking g =a and h =e:

(D) +1(1) +1(1) + x4(a)(3) =0 = 3xa(a) = -3 = x4(a) = —1.



Taking g =b and h =e:
1(1) + w(1) + w?(1) + xa(b)(3) =0 = 1+ w +w? + 3x4(b) = 0.
Since 1+ w + w? = 0, we get x4(b) = 0. Taking g =c and h = e:
1) +w?() +w() +xale)3) =0 = 14+w? +w+3xa(c) =0 = xa(c) = 0.

Thus, the completed character table is:

1) G @ @
e a b c
X2 1 1 wo w?
X3 1 1 wrow
x«| 3 -1 0 0

(b) The normal subgroups correspond to the intersections of the kernels of
the irreducible representations. The kernel of x; is ker(y;) = {g € G | xi(9) =
xi(e)}. From the table: - ker(x1) = G - ker(x2) = (1) U (3) = {e} U [a] (order
143 =4)-ker(xs) = (1)U(3) = {e}U][a] (order 4) - ker(x4) = (1) = {e} (order
1)

Since any normal subgroup is an intersection of some ker(x;), the normal
subgroups of G are G, the subgroup of order 4 namely {e} U [a], and the trivial
subgroup {e}. O
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Excercise 2. Let A =

=)

(a) Compute AT A and find its eigenvalues and eigenvectors.

(b) Find the singular values o1 > o9 > 0 and write the SVD decomposition of
A= QDPT. (You only need to write the first two columns of Q, D, and
P.)

Solution. (a) Compute AT A:

- (011 (1) é _(0+1+1 0+0-1)_ (2 -1
"\t -y ) oro-1 tv01) T -1 2 )0

The trace is 4 and the determinant is 4 — 1 = 3. The characteristic polynomial
is 22 — 4x + 3 = (x — 3)(z — 1). The eigenvalues are A\; = 3 and Ay = 1.
For A\ = 3:

(57 7) =0 5) ==l



For Ao = 1:
2-1 —1\_(1 -1\ _ _ 11
-1 2-1) " \-1 1 2= a\)
(b) The singular values are o1 = v/3 and 0o =1 =1. So D =

(11
andP—\/E(_1 1)

The first two columns of Q) are u; = %Avi:

V3 0
0o 1],
0 0

o
—

-1
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To complete @), we find a unit matrix column ugz orthogonal to u; and us.

Solving x1 +x2 = 0 and —x1 +x9 + 223 = 0 gives o = —x1 and 223 = 227, —>
1

r3 = x1. SO a unit vector is uz = % -1
1

The full SVD is:

~1/v/6 1/v2 1/V/3 V3 0 L /1 W
A=QDP" =[ 1/v6 1/V2 —-1/V3 0 1 (f(_l 1)) .
2/v/6 0 1/V/3 0 0 2

O

Excercise 3. Let p: G — GL(V) be a finite dimensional representation of a
finite group G over C. If H is a subgroup of G, then the restriction p|lg is a
representation of H. Assume that p is the reqular representation of G. Show
that the restriction p|g is isomorphic to a direct sum of |G : H| copies of the
reqular representation of H.

Solution. Use character theory: we need the following result from homework, a
representation p of G is isomorphic to a direct sum of n copies of the regular
representation of G if and only if the character of p is nonzero only at the
identity element and takes the value n|G| there.

Or we can use the following result. Two representations p; and py of G are
isomorphic if and only if their characters x; and x2 are equal. The character of
a representation restricted to a subgroup is the restriction of the character to
that subgroup. Then if X, = nXyeq, we have p = p&"

reg*



The character of the regular representation of G is x(g) = |G| if g = e and 0
otherwise. When we restrict to H, the character of p|g is x|u(h) = |G| if h=e
and 0 otherwise. The regular representation of H has character ¢(h) = |H]|
if h = e and 0 otherwise. Since x|g = [G : H]v, it follows that p|g = [G :
H] - Reg(H), where Reg(H) is the regular representation of H. O

Excercise 4. Let W be the real vector space of Hermitian 2 X 2 matrices
W ={Aec M(C)| A*=A}, A*=AT.

(a) Prove that the rule P - A = PAP* defines a linear action of SL2(C) on
w.

(b) Prove that the function (A, A’) = det(A + A’) — det(A) — det(4’) is a
symmetricbilinear form on W, and that its signature is (3,1).

(c) Use (a) and (b) to define a group homomorphism SLo(C) — Osz1 whose
kernel is {£I}.

Solution. (a) For any A € W, (P - A)* = (PAP*)* = (P*)*A*P* = PAP* =
P-A soP-Ae€W. The map A +— PAP* is clearly linear in A. Furthermore,
I-A=TAI* = A, and for P, P, € SLy(C),

(P1Py) - A= PP A(PLPy)" = PLPy AP Py = Py (P, AP)Pf = P - (Py - A).

Thus, this defines a linear action of SLy(C) on W.

(b) Note that the determinant is a quadratic form in the entries of A, so its
polarization det(A + A’) — det(A) — det(A’) defines a symmetric bilinear form.
r+t y+iz
y—iz x—1
Then det(A) = (z+1t)(z —t) — (y> +2%) = 2% —t? —y? — 22, The quadratic form
associated with the bilinear form is Q(A) = (4, A) = det(24) — 2det(A4) =
2det(A) = 222 — 2t? — 2y? — 222, This clearly has one positive square (from x)
and three negative squares (from ¢,y, z). In either convention, the signature is
(3,1) or (1,3).

(c) For P € SLy(C), the action preserves the quadratic form:

Any matrix A € W can be written as A = for x,y,z,t € R.

Q(P-A)=2det(PAP*) = 2det(P)det(A)det(P*) =2-1-det(A)-1=Q(A).

Since it preserves the quadratic form, it preserves the associated bilinear form.
Thus, each P induces an orthogonal transformation on (W, (-,-)) = R*1. This
defines a homomorphism ¢ : SL2(C) — Os 1. The kernel consists of P such
that PAP* = A for all A € W. Setting A = I gives PP* = I, so P* = P~ L.
Then PAP~! = A implies P commutes with all matrices in W. Since W spans
M5(C) over C, P must be a scalar matrix P = ¢I. The condition det(P) =1
implies ¢? = 1, so ¢ = 1. Thus, the kernel is {4-I}. O

Excercise 5. Let V' be the real vector space of Hermitian matrices in M, (C)

V={AeM,(C)|A=4"}



1. Prove that A — v/—11 is invertible for every A € V.

2. Define the map f: V — GL,(C) by f(A) = (A+ /—1I)(A — /—11)71.
Show that f(A) is unitary for every A € V.

3. Give a characterization of the image of f: V — U(n) in terms of eigen-
values, that is, which matrices can be written in the form (A++/—1I)(A—
V=1I)~" for some A€ V.

4. Is the map [ injective? Justify your answer.

Proof. 1. Invertibility of A —+/—1I. Let A € V be Hermitian, i.e., A = A*.
For any eigenvalue A € C of A with eigenvector v # 0, we have Av = Mv. Taking
the conjugate transpose and using A = A* gives A\v* = v* A, so \ is real. Hence
all eigenvalues of A are real.

Now A — /=11 has eigenvalues A — /—1 with A € R. Since A — /=1 # 0
(its imaginary part is —1), the matrix has no zero eigenvalues and is therefore
invertible.

2. Unitarity of f(A). For A € V, define f(A) = (A+v/—11)(A—/—1I)~L.
Note that A ++/—1I and A — /=11 commute because they are polynomials in
A. Compute the conjugate transpose:

FA) = (A+V-1N)A- V-1 = (A—V=1I)") (A + V-1I)".

Since A is Hermitian, (A—+/—11)* = A++/—11 and (A++/—11)* = A—+/—11.
Hence ((A—/~1I)")" = (A + v/=1I)~'. Therefore

FA)* = (A+ V=1D)" (A - V=1I),
Now multiply:
FA)F(A) = (A+ VLD (A - V=1I) " (A+ V=1 (4 - V~1I).
All factors are polynomials in A, so they commute. Rearranging gives
JA)F(A) = (A+ VDA +VTID (A~ VI (A- VI =I-1=1.
Similarly, f(A)*f(A) = I. Thus f(A) is unitary for every A € V.

3. Characterization of the image. Let A € V have eigenvalues A1, ..., A\, €
R. Then f(A) is unitary and its eigenvalues are
_ MVl
Mk )\k _ \/_717 PR M

For real \, |\ ++/—1| = |\ — /—1], so each py, lies on the unit circle. Moreover,
wi = 1 would require A\, + v/—1 = A\, — vV—1, i.e., /=1 = —/—1, impossible.
Hence none of the eigenvalues equals 1.

Conversely, let U € U(n) be a unitary matrix with no eigenvalue equal to 1.
Then U — I is invertible. Define

A=/—-1(I+U)I-U)""



One checks that A is Hermitian and that f(A) = U (direct computation or
using the inverse Cayley transform). Thus the image of f is exactly the set of
unitary matrices that do not have 1 as an eigenvalue.

4. Injectivity of f. Suppose f(A) = f(B) for some A,B € V. Let
U = f(A) = f(B). From the characterization in part 3, U does not have
eigenvalue 1, so I — U is invertible and we can recover A and B via the inverse
Cayley transform:

A=vV-1I+U)I-U)"'=B.
Hence A = B, so f is injective. O



